This paper introduces and applies a method for propagating changes in jet energy corrections into a DØ top quark mass measurement. It will serve as a source for the PRL presenting it's final results, and will be later published in a journal, or as a part of the author's PhD thesis.
The DØ lepton+jets Top Mass Measurement
The lepton+jets (l+jets) collision events have a distinct topology: a t-tbar pair decays almost exclusively producing two b quarks and two W bosons. One of the W bosons decays into two light quarks (flavors udsc) and the other one into a charged lepton and a neutrino. Each of the two light quarks and the two b quarks are expected to produce a jet. Separate flavor dependent jet energy corrections (F corr ) are applied for light quark jets and b jets.
On the Matrix Element (ME) level the l+jets event includes four resonances: two W bosons and two top quarks. The DØ l+jets top mass measurement relies on the ME method, where the top quark mass is evaluated on the ME level. In this way, the method makes use of the information from the mass resonances. In this section, the ME method is analyzed in detail, based on the DØ paper of Ref. [2] .
The Matrix Element Method
The ME method makes a connection from the measured detector data down to the ME-level, from where the top quark mass is extracted. It assumes that the measured momentum of the charged lepton is close to that at the ME-level, while the neutrino momentum is determined indirectly. The transverse component of the neutrino momentum is determined from the transverse momentum of the t-tbar system. In contrast, the z-component is found by employing the leptonic W resonance, and the W boson mass.
As the lepton momenta are thus determined, significant freedom is left in the non-trivial connection between quarks and jets. The energies of reconstructed jets (E j ) are mapped to the corresponding MElevel quarks (E q ) using so-called Transfer Functions (TF's). These operate as probability distributions projected from E j to E q . We have chosen to use the subscripts q and j to increase clarity, in contrast to the corresponding DØ notation y and x.
As the masses of quarks are known, the quark four-momentum is determined solely by the energy and the direction of the quark. The DØ measurement assumes that the quark directions are equal to those of the corresponding jets. Hence an energy-based TF is sufficient for determining the quark properties.
The TF's are calibrated using Monte Carlo (MC) simulations. We denote the functional form of a TF by TF era (E j , E q ), where R TF era (E j , E q ) dE j = 1 (1) and era ∈ {IIa,IIb1,IIb2,IIb34} refers to the DØ Run II eras. It is important to note that the DØ jet energy E j excludes neutrinos and muons. Hence, the TF's for different types of quarks are quite different, as for instance b-jets are enriched in neutrinos and muons. The TF's act as weights while connecting the measured final state to the feasible ME-level states. This limits the allowed phase space of the ME-level states, and permits an integral over them. Such an integral gives a probabilistic view of the ME-state for each event candidate. The related event probability (P evt ) is dependent on the underlying ME-level top mass (m t ).
To improve the measurement accuracy, DØ introduces a slack-parameter K JES , which is used for an in-situ jet energy calibration:
The calibration is applied by replacing the measured jet energy E j with the interpreted jet energy E j . This is performed exclusively in the top mass measurement, and does not affect the calibration of the TF's. As Eq. (2) shifts the difference between the jet and quark energies, the event probability P evt is dependent on K JES in addition to m t .
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The measured collision dataset corresponds to a set of P evt values. A combined likelihood function is constructed from these in the m t − K JES plane:
DØ uses this likelihood as an unnormalized probability distribution. It attains approximately a 2D-Gaussian form as a function of m t and K JES . In the likelihood L(m t , K JES ) there are two parameters, but the underlying ME has three degrees of freedom: two top resonances and the hadronic W boson resonance. The leptonic W resonance is completely consumed by neutrino reconstruction. The top resonances are dependent on m t , but also on K JES . On the other hand, the hadronic W resonance depends only on K JES .
The global maximum likelihood value of L(m t , K JES ) must be such that the hadronic W boson data agrees best with the W mass world average. On the quark level, this argument implies that the average hadronic diquark mass equals to W boson mass:
As the hadronic W resonance depends only on K JES , this means that the maximum likelihood value of K JES and the hadronic W resonance are directly connected. Hence the optimal value of K JES can be fixed without referring to the top mass resonances. At a given value of K JES , the relationship between the likelihood function and the two top mass resonances is purely determined by m t . If separate values m had t and m lep t were used for the hadronic and leptonic resonances in the ME, it is likely that the global maximum likelihood value would be reached at separate m t values: m had t = m lep t . Therefore, the full m t dependence of the likelihood function is determined by the combination of the two resonances.
Assuming that the 2D-Gaussian hypothesis is accurate, the probability distribution can be projected onto the m t (K JES ) axis to obtain a 1D distribution. It retains the correct maximum likelihood position of the full 2D likelihood. For m t , the projected likelihood is L(m t ) = R dK JES L(m t , K JES ).
Treating the likelihood L(m t ) as an unscaled probability, we find the basic formula for mass extraction at the DØ:
The Eqs. (5, 6) are valid also for K JES by interchanging it with m t . Thus, the ME method combines the theoretical ME with the information extracted from MC simulations. The latter is completely compressed into the TF's. To perform a numerical integration of L(m t , K JES ), a grid of (m t , K JES ) values is used. If the grid is sufficiently wide and tight, the whole R 2 is effectively covered by the integral. Each event-wise probability P i evt needs to be evaluated at each grid point.
Calibration of the Matrix Element Method
Like most top mass measurements, the DØ measurement utilizes MC simulations and the underlying generator level top mass m gen t . Eq. (6) is based on the assumption that the theoretical ME integral with a top quark pole mass agrees directly with the MC-based TF's. DØ studies this assumption by assuming that m gen t is equal to the ME-level pole mass. Thus, the m f it t value extracted from simulation results is expected to be equal to m gen t . To find the true connection between m f it t and m gen t , DØ employs MC 
where S stands for scale and O for offset. Typically S differs slightly from unity and O is a small non-zero number. This shows the necessity of the calibration. The DØ m t extraction procedure goes as follows: the likelihood function is calculated from the measured data, and from this m f it t is computed. Using the inverse mapping g −1 of Eq. (7) , m f it t can be mapped to a value analogous to m gen t . For clarity, this result for data is denoted by m calib t instead of m gen t :
Thus, the DØ analysis chain assumes that m gen t and m calib t correspond to the top pole mass. In reality, a subtle difference appears to exist between the pole mass and m gen t [4] . For the calibration of K JES , similar steps are taken. The statement of Eq. (2) can be multiplied by a generator level energy scale, K gen JES . Ideally, K f it JES should be equal to K gen JES to keep the hadronic W resonance at a constant position. By applying multiple K gen JES gen values in the MC pseudo-experiments, a linear mapping similar to that in Eq. (7) is found:
For this function, the following parametrization is used:
The calibration procedure of K JES has no practical impact on the measured m t value, as it is simply a change of variables on the K JES axis. Nevertheless, DØ does not give a complete picture of the effects that are compensated by this mapping. One could argue that the main importance is in reducing any disagreement between the MC simulations and the ME integral. In the DØ measurements, f (1) can differ notably from the value 1, which implies that the mapping f may be used to compensate errors in the shifts imposed by the TF's. It is not necessary to calculate m calib t and K calib JES manually using the inverse functions of Eqs. (7, 10) . It can be shown (see Appendix A) that by replacing m t by g(m t ) and K JES by f (K JES ) in the likelihood functions, the fits yield automatically correct results.
However, the DØ papers show some ambiguity about this subject, as is further discussed in Appendix A. DØ indicates that instead of the functions f and g, their inverse functions are inserted into the likelihood. The author of this paper has been in correspondence with DØ authors about the subject, but the investigation has been inconclusive. Correcting such a misplacement would lower the DØ top mass value by 0.1 GeV and make some χ 2 values more sensible. As this is a matter of fine-tuning, we will not concentrate on it outside Appendix A.
Steps Between the Matrix Element and Detector Data
To understand the DØ measurement, we need to understand the relationship between jets and quarks. The full difference between E j and E q in simulation stands as
where we have taken into account Jet Energy Corrections (JEC) and all simulation steps. The symbol ⊗ underlines that some of the steps are more complicated than simple multiplications, but can be approximated as such. For data, the corresponding equation reads as
In general, the step Physics ⊗ E q is only partially understood. To gain further understanding of it, the MC-calibrated TF's are used. In terms of a TF, the transition between jet and quark energies reads as
Eq. (14) can be inverted to produce
The TF's are calibrated purely using MC simulations. Hence, comparing Eqs. (12) and (15), we have
Eq. (16) is valid for both data and MC, as it is the written-out form of the TF's. The steps within it are interpreted as those of the TF calibration MC sample. This underlines the fact that for data, we do not certainly know what E q is. The analysis is based on the assumption that after all the calibrations, the quark level in data corresponds to that in MC.
In the top mass measurement, jet energies E j are replaced with E j from Eq. (2) using the calibration from Eq. (10), so that Eq. (15) reaches the form
By utilizing Eq. (16), Eq. (17) can be expressed as
where we have made the substitution
E gen j is the so-called generator level jet energy. By using the same simulation settings as DØ, E gen j values analogous to those of DØ can be produced.
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In this section, the impact of a F Corr recalibration on the l+jets top mass measurement is shown on a phenomenological level. The tag DØ is used for the original F Corr values, and the recalibrated ones are expressed without a tag.
F Corr and the Interpreted Quark Energy
As was shown in Eq. (16), the values of F Corr are propagated to the corresponding TF's. According to Eq. (17), we can write the interpreted E q for a given fixed measurement E j : 
from which it follows that
Combining Eqs. (20, 22) gives a relationship between the quark energy interpretations:
This indicates that for a fixed jet energy measurement E j , a change in the F Corr values leads to a change in the interpreted quark energy. To fully understand this result, it is necessary to understand how the change in F Corr is reflected in f (K JES ).
F Corr and K JES Scaling
In Eq. (4) it was argued that the maximum likelihood solution extracted by DØ makes the hadronic diquark system agree in average with the W boson mass. This mechanism sets the value of K JES , and it can be used to find the transformation law for f (K JES ). The invariant mass of the two zero-mass light quarks can be expressed as
where E q1 and E q2 are the quark energies and φ 12 is the opening angle between the quark directions. Employing Eq. (23), and considering Eq. (24) for the interpreted quark energies with the DØ and the recalibrated F Corr values, it is found
In this expression, we have fused the average F lq Corr value of the two light quarks into a single factor. The following abbreviations for the light quark and b quark F Corr values were adopted:
Averaging over Eq. (25) and applying Eq. (4) for both the DØ and the recalibrated results, it is found
Here, the F lq Corr factors are interpreted as average values. Canceling out the m W terms, Eq. (28) implies
Hence, the light quark F Corr values have a scaling effect on the K JES terms.
The Full Impact of F Corr on Quarks
Utilizing Eqs. (29) and (23), the full impact of a change in F Corr on the interpreted quark energies can be written:
The result of Eq. (30) can be separately applied for b quarks and light quarks:
Thus, the interpreted light quark energies of a fixed measurement are the same on the average level, even if F Corr calibration changes. This is natural, as the invariant mass of the two light quarks is forced to be equal with the W boson mass. All the changes in the F Corr values are hence conveyed to the interpretation of b quarks. In our studies the trend is that F lq Corr < F lq,DØ Corr and F b Corr > F b,DØ Corr . Therefore, both of the coefficients in Eq. (32) make the DØ reconstruction of the b quark energy of a corresponding jet energy E j higher it should be.
The reconstructed b quark energies have a great impact on the top quark measurement for both the hadronic and the leptonic top mass resonances. On the average, approximately half of the energy of a decaying top quark goes to a b quark. For a reconstructed top quark, a systematically amplified b quark energy shows as a systematically amplified top quark mass. Thus, we have a reason to believe that the top mass value produced with the original DØ F Corr calibration was systematically shifted upwards. For the accurate numerical evaluation of this shift, an involved analysis is necessary.
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Analysis Planning
In the previous section it was phenomenologically confirmed that the a recalibration of the F Corr values leads to a shift in the measured top mass value. In this section, a method is designed for the numerical evaluation of this shift.
First, we aim to replicate what the DØ data looked like before the original DØ F Corr values were applied. Then, the recalibrated F Corr values are applied. As a result, the DØ top mass estimate is shifted downwards, as the interpreted b quark energies become lower according to Eq. (32).
A Fully F Corr Dependent Pseudo-Experiment
It is not feasible to replicate all the steps of the DØ measurement, as given in Eq. (18). That is, the DØ data cannot be replicated on the level of the jet energies E j . Nevertheless, we will attempt to capture the essential F Corr features using a more compact analysis chain. To reach this goal, it is essential to reconstruct jet energies on a level where the same F Corr behavior is observable, as for the full E j energies. The terms independent of F Corr can then be left out.
By Eq. (29) we know that variations of F lq Corr are propagated into the K JES term. To account for this, the f (K JES ) term can be factorized into two parts:
All the F Corr dependence is pressed into the residual K Res JES term, while f (K JES ) 0 holds all the other dependencies. Combining these developments, Eq. (18) transforms to
Here, the term f (K JES ) 0 ⊗ JEC ⊗ Detector Simulation is in average canceled out. In other words, the jet energy corrections cancel out the average detector response. For a single event, this collective term has a smearing effect. As we do not have access to the DØ JEC nor Detector simulation, and the relationship between f (K JES ) 0 and K Res JES is not known, we are encouraged to make the inversion
The result of Eq. (35) is used in the main analyses. It is the minimal jet energy definition that takes into account all F Corr -related effects. Using the E j -level jet energies instead of the E j ones is sufficient, as we are interested only in the F Corr -dependent m t shift. To capture the full F Corr -dependence in E j , it was crucial not to cancel out the K JES dependence completely. Through K Res JES , any changes in the F lq Corr values can be compensated in the desired way.
Resonance Position Estimators
The DØ likelihood function of Eq. (3) focuses on mass resonances. To emulate its behavior, we will need to evaluate the positions of the invariant mass resonances on the level of E j energies. For this purpose, resonance position estimators are designed. For the three mass resonances of interest, these are denoted bym W ,m had t andm lep t . The most complicated resonance position estimator is an intricate fit on the resonance mass distribution (fit). Generally, the fits are made using complicated generalizations of Gaussian functions -e.g. Voigtian functions -and the resonance position is evaluated from the fit parameters. Moreover, estimators that pick the maximum (max) and median (med) value from the mass histogram are used. In addition, two different integral-based estimators are used. One takes the mean value based on the full x-range of the mass histogram (ave). The other uses a more limited mass window for averaging (itg).
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In this paper, the top mass shift analyses are performed separately with all the five estimators. The same estimator is always used for estimating all three resonance positions. The final result considers a combination of all the estimators, taking into account their relative errors.
Analysis Workflow
In Eq. (35) K Res JES refers to the corresponding maximum likelihood value. Nonetheless, while evaluating them values, it is convenient to interpret K Res JES as a free parameter. This allows fixing the maximum likelihood value at a later point. In a pseudo-experiment based on a simulation, also the value of m gen t is a free parameter. By evaluating them values on a grid of m gen t and K Res JES values, dependencies between them's and the underlying parameters are found. We expect thatm W is sensitive to K Res JES , and that them t 's are sensitive to both K Res JES and m gen t . This is a direct analogy to the DØ likelihood function of Eq. (3).
To make numerical analysis more convenient,m W is translated into a K JES estimator:
It is sensible to expect that the dependence betweenK JES and K Res JES is linear. This can be expressed in the functional formK
In analogy to Eq. (37), we expect that them t 's depend linearly on m gen t . Moreover, the K Res JES dependence is estimated using a linear term. The resulting 2D function reads aŝ
The parameters q i and p i of Eqs. (37,38) are calibrated on a grid of m gen t and K Res JES values. ForK JES a degeneracy is present, as the position of the W boson resonance does not depend on m gen t . This degeneracy improves the K Res JES fit quality, as all the data points are used in the fit. To proceed with the measurement, the maximum likelihood value of K Res JES is determined. In Eq. (4) we concluded that the maximum likelihood value of K JES is determined by forcing the average invariant diquark mass to be equal with m W . Moreover, we known by Eq. (31) that for light quarks the interpreted E q of a measurement E j is constant, independent of the F Corr values. That is, the relationship between the dijet and diquark resonance positions is constant. The same argument can be made after swapping the E j energies to E j energies: the maximum likelihood value ofm W should be constant, independent of the F Corr values. The argument may be written aŝ
where A is a scale-parameter close to unity. As the E j energies are abstract, there is no distinct correct choice for A. This contrasts to the E j energies, where a physically motivated value for A exists. By employing Eqs. (37,39), the maximum likelihood value of K Res JES is found:
Placing this value into Eq. (38) leaves a pure linear dependence betweenm t and m gen t . In this fashion, the relationship between the m gen t andm had t orm lep t can be evaluated using both the DØ F Corr values and the recalibrated ones.
In the analysis chain we first produce am t value by employing the DØ F corr and m calib t values. The former are used for scaling jets, and m gen t is set to be equal with the latter. Thism t is re-interpreted value that DØ should have found. The procedure must be performed for both the hadronic and leptonicm t 's, and the total m calib t shift is found through a combination of the results.
Within the DØ analysis, it is possible that the hadronic and leptonic resonances prefer different m calib t values. The likelihood function of Eq. (3) makes a compromise between these two information sources. The relative importance of the two m t resonances in this process is unknown, and we express it using the parameter α ∈ [0, 1]:
The m calib t shifts need to be evaluated separately for the electron and muon measurement channels. A priori these should be almost identical, but in the DØ measurements, the phase spaces and m calib t values differ. Moreover, separate m calib t and F corr values are employed for all the four Run II eras: IIa, IIb1, IIb2 and IIb34. The electron and muon channels need to be considered in all the four Run II eras. Hence the combined m calib t consists of a total of 8 measurements, each of which involves the shifts of the hadronic and the leptonic m t resonances.
Equivalence to the Phenomenological Approach
To show that the present approach leads to correct results, it is necessary to understand Eq. (40), i.e. the constants q 0 , q 1 and A. Intuitively, q 0 ≈ 0 would seem as the most natural choice in Eq. (37). However, a non-zero q 0 value can be motivated by the features of some resonance position estimators. The valuem may consists of a sum of the signal (fraction β) and the background (fraction 1 − β):
The presence of a background term is obvious especially for the integral-based estimators, ave and itg. In a histogram, the invariant mass extracted from some event candidates can be close to the resonance position accidentally. An integral over a mass window in the histogram considers also these background events. For the itg estimator the integration window is typically balanced so that the value of q 0 is close to zero. For the ave estimator the value of q 0 is out of control, as the histogram widths are not varied. The background term is expected to be a constant that conveys no information about the resonance position. We can apply Eq. (35) for the signal component ofm W : 
where 
By referring to Eq. (19) and noting that the hadronization and showering steps do not depend on F Corr , we can make a direct inversion from E gen j to quark energies. Moving all the scaling constants to the right-hand-side and performing the inversion, we find
This is exactly the result of the phenomenological proof of Eqs. (31,32). That is, the presented numerical approach is equivalent to the phenomenological one. 
Evaluating the
To evaluate Eq. (57), only the values of q 0 , q 1 andK gen JES need to be determined.
Evaluating the Combination Parameter α
Determining the value of α requires turning to the DØ measurements. The three likelihood plots in Figs. 23 and 25 in Ref. [2] show a falling linear maximum likelihood slope of m t as a function of K JES . We can understand this behavior by fixing the resonance position estimatem t in Eq. (38) to a constant value. In other words, by looking at such pairs of (m gen t , K Res JES ) values that could correspond to a given measurement, before fixing the maximum likelihood value of K Res JES :
This result displays directly the falling linear slope of the likelihood plots. It must be noted that K Res JES has the same characteristic behavior as plain K JES in the DØ measurement. Hence, even if Eq. (38) is designed for the E j level energies, the slope of Eq. (58) is equally valid to the E j level energies. The result of Eq. (58) can be written separately for the hadronic and the leptonic mass resonances, and the results will differ. In contrast, the plots in Ref. [2] show the combined effect of both of the resonances. We can make the difference between the resonances more concrete by looking at the slope of the hadronic resonance position: dm gen t,had
This is due to the fact that the hadronic peak consists purely of jets, and the reconstructed energy of each of these is proportional to K JES . On the other hand, for the leptonic resonance position only the b jet and the neutrino reconstruction carry K JES -dependence. Hence, the slope of the leptonic resonance is not as steep as that of the hadronic one.
To extract the value of α, we need to combine the hadronic and the leptonic slopes. The combined slope should be equal to the one found in the DØ likelihood plots. Therefore, we need to take the weighted vectorial sum of the normalized hadronic and leptonic slopes, and set this to be equal with the DØ likelihood slope after normalization. Mathematically speaking, this vectorial version of Eq. (41) reads as
Normalize
wherev's are unit vectors. We can take the dot product of Eq. (60) withv DØ and a unit vector perpendicular to it (v ⊥ DØ ):
Solving for α 2 in the latter equation, the former equation yields
It turns out that the coefficient p 2 is generally much larger than p 1 in Eq. (38), as was discussed in the hadronic example case of Eq. (59). Hencev had ·v DØ ≈ 1 andv lep ·v DØ ≈ 1. This leads to α 1 ≈ α and α 2 ≈ 1 − α, and Eq. (63) reduces to
This implies that the value of α is determined by the small vectorial deviations in the direction perpendicular tov DØ . The F Corr values have generally little impact on the value of α, and hence it is calculated as an average from the DØ and recalibrated F Corr scenarios.
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It is likely that the optimal hadronic and leptonic m calib t values were not equal in the DØ measurement, but it is not possible to determine their values. The least biased choice is to set
Thus, the parameter α is only present while producing the combined shifted top mass value. With the choice of Eq. (65), Eq. (41) implies were known, the corresponding result would be
Referring to Eq. (41), the first two terms can be identified as m DØ t . Furthermore, we may assume that slight variations in the point of origin m calib,DØ 
Analysis Setup and Error analysis
For the main measurement, we use the event generator Pythia 6 (P6) [6] with the same tuning parameters as DØ used for the l+jets measurement of Ref. [2] . Hence, all the generator-related error sources and magnitudes are estimated to be the same as DØ presented. Moreover, we will assume that the F corr -related errors are the same as DØ claimed. This is sensible, as the F corr recalibration of Ref. [1] demonstrates a systematic unaccounted shift in the top mass value. In total, this means that the original DØ error estimates should be applicable for the shifted top mass. On top of this error, we must add the method error, related to the presented m t shifting method. The total method error is found by considering the individual steps of the mass shifting procedure. According to Eqs. (37,38), the error of the re-interpreted m calib t reads as
In these error estimates we generally take the fit coefficients as they are, and interpret all fit errors using the variablesm t andK JES . For the mean values produced by linear fits, the error estimates are found as shown in Appendix B. We note that the term δm t must carry the fit error ofm t , and the total error of the valuem DØ t :
The term δm DØ t can be calculated inverting Eq. (68):
Putting Eqs. (68,69,70) together, we find
The values of p 1 vary very little between the DØ parametrization and the new one, and any differences between them are mostly statistical fluctuations. Thus, the term p DØ 1 p1 is set to unity. Hence, the last term in Eq. (71) performs the transition of the original DØ error to the shifted top mass value. The remaining term is the total statistical method-related error, which consists of four separate terms. For the numerical evaluation of an error such as that in Eq. (71), the separate error terms are summed in quadrature.
Care must be taken while combining the errors of the four DØ Run II eras and the electron and muon channels. Generally, the mass shift measurement is performed for all the eight measurements from the four eras and two channels, considering both the hadronic and leptonic resonances. The combination of the hadronic and the leptonic channels is postponed as much as possible. This is the most volatile step of the mass shifting procedure, and notable uncertainty on the parameter α is present. If the combination of the hadronic and leptonic channels is performed at an early phase of the measurement, handling the combination errors becomes more complicated.
For the pre-combination m t resonances, the electron and muon Run II combinations are calculated using the total statistical errors of Eq. (71) as weights. Similarly, the pairs of electron and muon measurements can be combined to full l+jets measurements. The method error is found by substracting in quadrature the original DØ statistical error from the combined statistical error.
As the combination of Eq. (41) is considered, the combined error term must be determined. By variational calculus, it is found:
Considering Eq. (71), this result can be written as
The first term is the transferred (statistical) DØ error, and the next two terms are the statistical method errors of the two resonances. The last term is based on the uncertainty δα, which does not behave similarly as the statistical error terms. Furthermore, it turns out, the δα term is the dominating method-related error.
The combination of the hadronic and leptonic results is performed for the the 8+2 electron and muon measurements. For these, Eq. (73) gives the total error. In the final step, these are turned into five combined l+jets results. This electron-muon combination is performed using using the errors of Eq. (73) as weights, excluding the δα term. This is motivated by the fact that the error based on δα is systematical in its nature, and does not reduce in a combination similarly as the statistical errors. The δα term for the combination is found as the weighted average of the corresponding electron and muon terms.
The values of α and δα can be estimated only in the cases of the combined electron channel, combined muon channel and the total combination. The difference of a statistical combination of the electron and muon α values to the total combination α value is used to estimate systematical errors in α extraction. In general, the errors related to α determination are complicated, starting from the accuracy of the linear approximation of Eq. (41). It should also be noted that if the calibration error presented in Appendix A is present, an additional error in the α calibration will result. The volatile nature of the α parameter requires conservative error analysis.
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Measurements
For the measurements, we use three P6 l+jets samples with 10 7 events in each, at the three parameter values m gen t = {172.5, 173.7, 175.0}. The mass values are selected so that these are approximately evenly spaced and so that most of the m calib t values can be interpolated between these. Furthermore, the five values K Res JES = {1.000, 1.005, 1.010, 1.015, 1.020} are used for the calibrations. In the analyses, we use the DØ Tune A and the kinematic selections presented in Ref. [2] . Moreover, we use the DØ jet cone with FastJet [7] to cluster the particles into jets.
In the analyses, we apply F Corr values derived with two separate simulation software packages: P6 and Herwig 7 (H7) [8, 9] . Furthermore, two separate sets of F Corr parametrizations are used to probe systematical errors. The separating factor between the two parametrizations is a subtle non-trivial choice within the F Corr calibration process. The choice seems to have no practical effect on the calibration quality, and hence it provides a method for assessing systematical F Corr errors. The F Corr results with a less DØ like choice is denoted with the index 1, and the ones with a more DØ like choice with the index 2. It turns out that there is generally little difference between these. Considering the two generators (P6, H7) and the two parametrizations, there are in total 4 separate F Corr parameter sets. All these were provided by the author of Ref. [1] .
The logistical chain of the analysis is the following. The event information including jets and leptons is saved into a ROOT [10] file using the software handle from Ref. [11] . These are further analyzed with the software from Ref. [12] . The latter software package applies the F Corr values for the different DØ eras and separates the electron and muon channels. This software tool uses the simulation truth to distinguish the various resonances. It also emulates the reconstruction of a neutrino from the missing transverse momentum and the leptonic W boson resonance. The results are saved mainly into mass histograms, which are turned into resonance position estimatorsm in the next step. Evaluating the values of these estimators involves e.g. fitting and taking mean values of the histograms. Finally, the linear dependence between them's and K Res JES and m gen t is fitted using the method of least squares. Based on these fits and the DØ measurements, the shifted top mass values and their errors are found.
In this section, the individual steps of the measurement are performed. First, the values of the maximum likelihood K Res JES is determined. Then, the hadronic and leptonic top mass shifts are derived separately for all estimators, and for the 4 F Corr sets. The results of the five resonance position estimators are combined according to their method errors for both the hadronic and leptonic resonances. In the following step, the combination parameter α is determined. Using the values of α, the results for the hadronic and leptonic channels are combined. Finally, the results based on the four F Corr parameter sets are compared and combined.
Maximum Likelihood K Res
JES
The maximum likelihood K Res JES extraction procedure is based on hadronic W boson resonance histograms. From these all the resonance position estimators are extracted. In Appendix C some examples of these are shown. It is not meaningful to provide all of these: there are 4 runs, times 3 m gen t values, times 5 K Res JES values, times two channels (electron/muon), times two F Corr versions (DØ and recalibrated), times two sets of F Corr parametrization, times two generators (P6, H7) in F Corr determination. Also counting the generator level resonance histograms at the three m gen t values, this makes a total of 963 histograms. The exact values of K Res JES depend on the resonance position estimator type, and are not informative. This is due to the freedom of choice of the K Res JES reference scale, A. However, the relative changes in K Res JES provide useful information. In Fig. 1 the fraction of the maximum likelihood K Res JES obtained with new F Corr values and that obtained with the DØ ones is shown on P6. In Fig. 2 the same results are given for H7. In the Figs. 1 and 2, a fraction close to unity implies that there has been very little change in F lq Corr . A large deviation from unity implies the opposite. In these figures and a range of test cases the maximum estimator displays unstable behavior. The combined value is not always between the electron and muon channels, as the combined histogram can have a maximum elsewhere.
The remaining four methods show generally a good agreement. The fit-based estimator does not work as well as wished, even after extensive tuning of the fit functions. This is due to the fact that especially in the asymmetric top mass distributions, small variations in the peak shape can have a large impact on the fit parameters. Undesired exchange can occur between the resonance position parameters and the resonance width parameters.
Notably, the three remaining estimators yield similar, but more stable values as the fit-based estimator. A range of example cases has shown that especially the ave and med methods exhibit a great precision.
The era IIa shows little difference between the original DØ F Corr 's and the re-calibrated ones with both P6 and H7. The same is true for IIb34 with P6, as H7 shows slightly more scaling. In the era IIb1 the K Res JES scaling effect is the greatest, and in IIb2 almost as great. In general, H7 shows larger scaling effects that P6. The two F Corr parameter sets produce generally very similar results.
Hadronic Top Resonance Measurement
The measurement of the top mass shift in the hadronic channel is based on the hadronic top resonance histograms. All the 963 histograms do not fit in this document, but Appendix. D shows some example cases of these.
In Figs. 3,4 ,5,6,7, the shift results are given for all the resonance position estimators. These are ordered from the smallest method error to the largest one. The method error of the shifted results is displayed in an orange font, as an addition to the original DØ error. The method errors have mostly a small impact on the total error. The results are given for both P6 and H7, and the two F Corr parameter sets. The latter have little impact on the results, but H7 shows generally a greater shift that P6. 
Leptonic Top Resonance Measurement
The measurement of the top mass shift in the leptonic channel is based on the leptonic top resonance histograms. All the 963 histograms do not fit in this document, but Appendix. E shows some example cases of these.
In Figs. 8,9 ,10,11,12 the shift results in the leptonic measurement channel are shown. These are ordered from the smallest method error to the largest one. The method error of the shifted results is displayed in an orange font, as an addition to the original DØ error. The results are given with both P6 and H7, and the two F Corr parameter sets. Analogously to the hadronic channel, H7 shows a larger shift. Moreover, the shift is systematically larger in comparison to the hadronic measurement channel. Table 1 shows the summary of the shift results for the different measurement channels, resonance position estimators and their combinations. The results with different estimators are combined according to the method errors. Figs. 13,14 show the intermediate results of this process. The method error of the shifted results is displayed in an orange font, as an addition to the original DØ error. The resulting values are close to those of the best estimators, med and ave. 
Combination of the Methods
The Combination Parameter α
For α extraction, we compare the likelihood slopes extracted from the DØ paper [2] , and those produced using the resonance position estimators. The calibration process of α is very sensitive, and hence the effect of any errors is magnified. Hence, the results vary by resonance position estimators, and with the lowest quality estimators they are very poor. For a reliable estimation of the K JES − m calib t slope, we use the two estimators with the best quality: ave and med. The final α value is considered from the average of these two. Moreover, we average over all the four F Corr sets to find generally applicable values for α. The preference is to use common central values of α in all the four measurements, and explain the variations observed here as a larger systematical α error.
The results for P6 and H7 with the average estimator are given in Table 2 and the ones with the median estimator in Table 3 . Here, the DØ results act as a stabilizing agent, as the values of these are almost constant. The small numerical fluctuations are explained by the fact that for each F Corr set, also the interpretation of jet p T within the F Corr 's is re-parametrized. The statistical combination of the electron and muon α's is performed using f e = 0.538339, obtained from the statistical errors of DØ. The two combined α's differ by a factor δα comb , which is interpreted as a systematical error source. 0.8150 ± 0.0069 0.6441 ± 0.0092 0.0232 0.0242 0.0250 combination 0.7838 ± 0.0327 0.6137 ± 0.0341 0.0242 0.0408 0.0418
The merged results with their sample variances are given in Table 4 . For further error estimation, these plain sample variances are used. They do not suppress systematical differences between the F Corr sets, in contrast to the error of the mean. The most notable systematical difference can be noted between the ave and med estimators, but there also seems to exist some systematical difference e.g. between P6 and H7.
The total errors are found by combining the sample variances with the average δα comb terms in quadra-ture. To make a conservative estimation of the total error, these (δα tot e and δα tot µ ) are finally multiplied by the factor of 2. As a result, the electron and muon channels yield the approximate values 0.78 ± 0.08 and 0.61 ± 0.08. The difference between these is explained by the differences in phase spaces. 
Combination of the Hadronic and Leptonic Results
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The combination of the hadronic and leptonic channels is given in Figs. 17 and 18 . The results from the two F Corr parametrizations are very much in line, but the P6 and H7 results are more in tension. In Table 5 , the summary of the shift results is shown. For both P6 and H7, the combinations are given, and also a final combination of these two values is performed. The combinations between the four F Corr sets are performed using simple linear averages. We note that the difference between the two F Corr sets is 0.04 GeV for P6 and 0.01 GeV for H7 in the average value. By a closer inspection we note that single estimators exhibit similar fluctuations in both P6 and H7, but in H7 these are mostly cancelled out. To make a conservative estimate of the systematic error of F Corr -determination, we pick the maximal fluctuation of 0.04 GeV. This is added to the combined method error. This is a valuable way of assessing the systematic errors related to F Corr , and the general stability of the mass shifting method. In Fig. 19 the final results are combined to recent notable top mass measurements. For DØ, the total average and l+jets measurement are displayed separately to underline the fact that the l+jets measurement dominates the average. The combination of the method error and systematic F Corr error is given in green font. The linear average of P6 and H7 is shown in the background color bars and gray text.
Summary of Top Mass Measurements
Discussion
We have derived values for the top mass shift necessitated by the re-calibration of the DØ F Corr values. This was done with a variety of resonance position estimators, F Corr values derived using both P6 and H7, and two separate derivations for the F Corr values. As a remarkable finding, the results found with the two separate F Corr sets, given in Table 5 , were very close to each other. This hints of the stability of the method, and of small systematic errors in F Corr determination.
However, a notable difference between the P6 and H7 F Corr based results was observed. This needs to be considered as a significant systematical error, as the two generators employ different heuristics for the collision dynamics. Nonetheless, these two results are not completely on equal footing. For P6, a DØ tune was used, but for H7 such was not available. Thus, the H7-based values might be less reliable than the P6 ones. For the sake of simplicity, the combination of P6 and H7 was performed as a simple average, yielding the value 172.499 GeV. A more sophisticated combination method might give more weight for P6, shifting the combination result well above 172.5 GeV.
The results obtained with the different resonance position estimators agree remarkably well, as shown in Table 1 . Even the quite unstable maximum method yielded good results. The fit method tended to produce results that are shifted by approximately one (method-related) sigma downwards from the central value. This was, however, explained by the larger method error. Moreover, the fit method experiences a significant increase in the method error for the leptonic resonance in comparison to the hadronic resonance. Such a behavior is not expressed by the other resonance position estimators. This implies difficulties in fitting on the convoluted leptonic resonance. This can be noted by comparing the example cases of Appendix E to those of Appendix D In Fig. 19 the final results were displayed. The, the DØ average differs significantly of that given by the CDF, ATLAS and CMS collaborations. In contrast, the shifted l+jets result is in a good agreement with the other collaborations. Shifting the DØ l+jets result shifts the whole DØ average.
It is necessary to underline that a downward shift of m t is a direct follow-up of the F Corr recalibration. The phenomenological proof of the second section shows that the DØ measurements should have produced a lower m t value. From the magnitude of the change in F Corr in the recalibration, we knew that this error is in the order of GeV's, which functioned as a motivation for further research. Thus, the motivation of this paper was not shifting the DØ m t value, but only propagating the inevitable consequences of the F Corr recalibration to the m t measurement.
Using the methods presented in this paper, the resulting top mass shift should be reproducible both phenomenologically, and with numerical evaluation. For the sake of openness, the complete source code of the measurement is provided in Refs. [11, 12] . The source code includes all the numerical parameter values. The found numerical values are completely based on the series of linear fits made on top of the resonance histograms, produced using simulations.
Conclusions
This paper was motivated by the observation that the DØ calibration of F Corr jet energy corrections was not optimal. A suggested re-calibration of the corrections has a great impact on the top quark mass measurements. To demonstrate a shift caused by the change in F Corr values, an intricate method was designed.
In the first section of this paper we dissected analytically the steps between the quark and the jet level in the DØ measurements. Using the obtained results, the second section demonstrated phenomenologically, how the changes in F Corr are conveyed to the top mass values. Finally, in the third section a numerical simulation-driven method for estimating the shift in the m t values was designed. In the fourth section, this method was applied, producing estimates for the m t value that DØ should have obtained considering the F Corr recalibration.
For the complete top mass shift, an average was taken of two separate F Corr parameter sets. Moreover, the shift results were derived with F Corr values based on P6 and on H7. The combination of P6 and H7 results was performed by a simple average, yielding a shifted top mass value around 172.5 GeV. A more profound combination method might favor the P6 results more, but such considerations are out of scope here. Nevertheless, there is a significant difference between P6 and H7. This difference appears to fit within the error bars, so there was no reason to revise these.
The result of Fig. 19 shows the impact of the DØ l+jets m t shift in comparison to other global results. Here it was clearly demonstrated that the F Corr recalibration leads to a better agreement with other measurements. The DØ average is almost completely driven by the l+jets measurement.
The fact that the m t value shifted by the F Corr recalibration agrees with other collaborations is encouraging. The two peculiarities of the DØ measurement: the Run IIb F Corr values and the high m t value appear to have the same root cause. To avoid the necessity of a shift in the top mass value, also the need for a F Corr recalibration should be refuted. Future top mass world combinations should consider these results profoundly.
In total, there is still much to be understood in the measurement of the top quark mass. The differences between simulation softwares are under an increased scrutiny. An important point of interest is the difference between the MC-based mass and the physical top quark pole mass. In this paper we have shed some light on the m t disagreement between DØ and other collaborations. As this difference is better understood, an agreement on the value of m t is one step closer.
A DØ Likelihood Calibration Ambiguity
In the 2011 [5] and 2015 [2] DØ measurements, the analysis chain of the l+jets top mass measurement is slightly altered from its previous incarnations. As the 2011 paper [5] states above Eq. (21), "The likelihoods . . . are calibrated by replacing m t and K JES by parameters fitted to the response plots". Correspondingly, the 2015 paper [2] explains above Eq. (35), "The linear calibrations are applied through the likelihoods . . . by transforming m t and K JES parameters according to . . . ". The replacement suggested by both papers is of the form m t → g −1 (m t ) and K JES → f −1 (K JES ).
We will show using m t , where this transformation leads (analogous derivation is valid for K JES ). Starting by making the substitution m t → g −1 (m t ) for the likelihoods in Eq. (6):
.
Remembering the parametrization Eq. (8) of Eq. (7), the inverse function attains the parametrized form
Let us perform a change of variables: m t = g −1 (m t ), i.e. m t = g(m t ). By Eq. (75), we find the transformation
After the transformation, the integration limits are still over the whole R. Eq. (74) reads now
where we have again utilized Eqs. (6, 8) . The found result is
This is not the desired result from Eq. (9): we should have obtained g −1 (m f it t ) and not g(m f it t ). By interchanging g and g −1 in the equation chain above, it turns out that the substitution m t → g(m t ) into L(m t ) produces the correct m calib t . Now, utilizing Eqs. (9) and (77), we notice that The changes are subtle, yet notable. As a side note: in the transformed values it has also been taken into account that in the electronic channel for IIb34 (according to Fig. (15) in [2] ) the pull around m t = 175 GeV is actually approximately 1.4, instead of the stated 1.16. As a final interesting detail, the χ 2 values of combining the four RunII eras (NDF = 3) are viewed. For the electron and muon channels separately, these are found to transform as follows: So if the presented kind of a transformation was required, the χ 2 /N DF for electrons moves from reasonable to slightly unreasonable (too high). Correspondingly, the muonic value would transform from unreasonable (too low) to reasonable. This could suggest that the electron channel errors are underestimated.
B Error Estimates of the Mean in Linear Regression
ForK JES , the one-parameter linear regression model of Eq. (37) is used. Correspondingly, form t we use the two-parameter linear regression of Eq. (38). The predictions produced by the fits are interpreted as the best estimates for the mean values of fits. For the one-parameter regression ofK JES based on N data points, this estimate reads [13] 
where the summations are taken over the data points used for the regression. By K Res JES we refer to the average K Res JES value of the regression dataset. The first square root term is the unbiased estimator of the regression error variance, and the second a K Res JES -dependent factor. Moreover, t N −2 α/2 is the Student t score value with N − 2 degrees of freedom. Here, we select α ≈ 68% to retain a correspondence to a one sigma deviation. With this choice, at the the infinite N limit where the Student t distribution corresponds to a normal distribution, lim N →∞
For the two parameterm t fit the corresponding expression becomes more complicated. It stands as [13] 
This is a generalization of Eq. (82), where the degrees of freedom have been reduced by one, due to the one additional fit parameter. The latter square root term conveys dependence on m gen t and K Res JES . The column vector term is defined as z = [1, m gen t , K Res JES ] T .
The measurement matrix X holds the data points used for regression in its N rows. The ith row x i of X consists of the row vector x i = [1, m gen,i t , K Res,i JES ].
(86)
C Example Cases for the Hadronic W Boson Resonance
In Fig. 20 generator-level W resonances are shown at different m gen t values. In Fig. 21 the K Res JES dependence of the W resonance is shown in specific example cases. The red numbers show the maximum position, some fit parameters and fit statistics. 
E Example Cases for the Leptonic Top Mass Resonance
In Fig. 24 generator-level reconstructed leptonic top resonances are shown at different m gen t values. In Fig. 25 the K Res JES dependence of the reconstructed leptonic top resonance is shown in specific example cases. The red numbers show the maximum position, some fit parameters and fit statistics. 
